



































































































































Analysis of Boolean Functions
Foundations and Applications in TCS

A Boolean function is a function f o i SoB
It can model

Setsystems in
combinatorics

A 0,13 1A 8 Etherwise

tests in cryptography pseudorandomness

we are trying to fool
concepts and hypotheses in learningtheory
Error correcting codes

Voting rules in social choice e.g
x 0,13 represents the n votes on a binary decision
and floc represents the collective decision

Graph properties
and more

TheeanDoman We'll realize the Boolean domain
6 C 176

True False as either 0,13 or 1 13

IF I
We'll be flexible but will usually prefer the latter






































































































































TheBooleanHIP.io
thedomain

1,4 1

x y
With if they differ

1,1 1 in exactly one1 1 1

4 111 coordinate

1 1 1 1 1 1

EmplstBlanfunctions
odd

Fb 1

1,11
1 1 11 1

c lithti H 1

1,41

t
a t

et i D

ÉIAD CH 1,4
G 111

arid Éire
1 1 1 1 1 1

Majority vote Dictatorship
Majloc.az 5
3 f x pep's s

11 4 1 H 1

can Parity
1,1 1

Chi titi Parity29,72 3
71 22 3

4 111

1 1 1 1 1 1






































































































































The Fundamental Theorem of Boolean Functions

Every Boolean function f B 113 can

be uniquely represented as a multilinear polynomial

over IR f x Ʃ Cs I
s 1 n

where Cs EA

E g Majz 71,22 73
7 179 103 797275

MATS XD

Firstproof of Existence Polynomial Interpolation

Weconstruct the polynomial from the functiontruth table

byinterpolation Example Max x1 x2

Max 29,702

i
ff.ec

eic d
E E HI I

E E 17H

I I E EE H

x t x2 2






































































































































More generally

fbc E
indicates that x a

NoteThe proof works for any f
13 IR

The Fundamental Theorem of Boolean Functions

Every Bylaw function f B IR can

be uniquely represented as a multilinear polynomial

over IR f x Ʃ Fcs Xs
GC

SE 1 n

where FCS EIR is called the s FourÉÉ coat
Xs x Teski is called the S Fourier character

Note Xs is also a Boolean Function

Xs 113 B Xs x pan TX

Uniqueness V f B IR is
a vector space of dimension 2

The characters Xs Se Cn span

Since there are 2ⁿ of them they form
a basis

the Fourier rept is unique






































































































































SecondProofoffundamentalths

Define the inner product of two functions f g B IR

as
fig floc gbc

KER 13

The characters Xs seen form an

1Tnormal basis of Vn
Profit s T Cn Stt

Xs XT EETs
X Go

Feel Epi

Feet

Iss Ff
sina.ie dep ent

0

Xs Xs 1

So Xs seen are orthonormal linearly

independent As there are 2 of them theyform

a basis for Un






































































































































Lesionformula Fcs f Xs

If f Xs EE XT Xs

Ey
Xt Xs

FCS

Planchet f g f gts
Proof f g E Xs Egm

Efts 5
cts xD

cut's 9
s

El EG Cfi f fuss

Fourier coefficients
are an alternative

repr of a Boolean function
comparedtotruth table

They encode global
properties e.g

6 f Xp fear
KERSIB

Var f Gaffes ECG EÉ
KEIB

flag ÉÉ ii eEi i






































































































































Application Linearity Testing
Xs x Xslg

Xs x y

KELI fbc

Given Black Box access to a Boolean function f

want to tell whether f is a character

The characters are multiplicative over 13

Blunt
Rubiteld

linear over 22

BLR Pick random x yep B independently

check if fbc f y f x y

Dfn f g B 13 dist fig Pree
969

That l If f is a character then the BCR test always accepts

2 If f is E far from all characters then

the BLR test rejects wip Ʃ






































































































































Proof 1 is clear We prove 2

Let f B B

1 Pr BLR accepts f

Pray fbc fly floc y

E Lebed
king

By rearranging xp x Arly

1 2E GyCffel fly
flays

Ey Eastes
Xs'd.EE xeG EfmXrlesD

ErEgs FG.FCr
Eeg Existed

ƩFCS
seen

Parseval

mg.gg
s max Fcs

s S n

So there exists a character Xs st 1 22 f Xs

1 22 f Xs Pr fbc XsGo P.GG Xs6d

1 2 Pr fbc
XsGcJ 1 2 dist f xs

x

Thus dist f Xs E


